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Active Stabilization of a Hybrid Vibration Absorber
Subjected to Velocity Feedback Control
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A method of actively stabilizing a hybrid vibration absorber driven by a force proportional to the velocity detected
at the attachment position of the absorber is investigated. This method can be applied to improve model-
independence of robust performance while allowing for multimode controllability for the case where a hybrid
vibration absorber is desired as an actuator. Robustness not only against variations in a primary structure to be
controlled but also against parameter identification errors in a vibration absorber system is discussed. It is illustrated
that although this method transforms the hybrid absorber equation with a spring term into the full active absorber
equation, the important advantage of a hybrid absorber over a full active absorber, that is, the power-saving effect
near the first resonant frequency of a primary structure can be retained. Application examples are presented also for
the vibration isolation and active noise control problems.

Nomenclature
Cus Cals Cap = damping constants of vibration absorbers
fas fai» fao = driving forces of vibration absorbers
di = disturbance force applied to the mass m;
G = velocity feedback gain for the driving forces
I; = inertia moment around the z axis of the ith
layer (Fig. 2a)
ko ka1s kon = spring constants of vibration absorbers

ki, K; = translational and rotational spring constants
between the ith and (i — 1)th layers

I, 1, = positions of vibration absorbers (Fig. 2b)
mgy, Mgy, Mgy = masses of vibration absorbers
mg; = disturbance moment applied to the ith layer

m; mass of the ith layer

Uy, Uy, U,y = relative displacements of masses of vibration
absorbers from their attachment positions

v = general coordinate for masses of vibration
absorbers

Xas Xa1s Xan = absolute displacements of absorber masses

X; = absolute displacement of the mass m;

o = damping constant of the target absorber
equation

Cas Cats Can = damping ratios of vibration absorbers

0; = absolute rotational displacement of the ith layer
(Fig. 22)

10} = general coordinate for masses of vibration
absorbers

o = excitation frequency

W,, W1, W, = eigenfrequencies of vibration absorbers

Introduction

HYBRID vibration absorber has been extensively applied to
control vibration of flexible structures. For widening the
bandwidth where effective control performance can be achieved, a
variety of methods have been developed that are characterized by a
compensator that assigns selected zeros and poles to closed-loop
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primary systems [1], acceleration feedback with a time delay [2,3],
and a feedback compensator for achieving a bandpass absorber [4].
The use of controllers designed based on modern [5,6], Hoo [7,8],
synthesis [7,8], and feedforward [9] control theory is effective for
multimode control. One feature of these controllers is that they are
basically model-dependent and thus their robust performance against
parameter variations in the system is not so high. A promising way
for achieving model-independent high robust performance is the use
of adaptive-passive control technologies [10-13]. However, because
these methods adjust parameters of a vibration absorber for tuning it
to a target frequency, they cannot be applied to the case of broadband
excitations. Thus, a method that simultaneously allows for model-
independent robust performance and multimode controllability is
relatively scarce for the case in which a hybrid vibration absorber is
desired as an actuator due to its power-saving ability and utility as a
passive element during accidents to the actuator driving system or
power supply. This paper investigates such a method by considering
a hybrid vibration absorber driven by a force proportional to the
velocity detected at the absorber’s attachment point and actively
stabilizing it. Robustness not only against variations in a primary
structure to be controlled but also against parameter identification
errors in a vibration absorber system is discussed. Although this
method transforms the hybrid absorber equation with a spring term
into the full active absorber equation, this method can retain the
important advantage of a hybrid absorber over a full active absorber,
that is, the power-saving effect near the first resonant frequency of a
primary structure. In addition to the vibration control problem, the
vibration isolation problem is addressed in this paper for the case in
which a damper cannot be connected to an inertial reference frame as
in many practical situations. Furthermore, the present control method
is extended to the active noise control problem by considering a
control speaker a hybrid vibration absorber coupled with a sound
field to be controlled. The active stabilization method remains
important for the active noise control problem because a generally
used manufactured speaker’s lowest eigenfrequency is so high that it
lies in the bandwidth where control is desired.

Fundamental Theory
A fundamental model as shown in Fig. 1 is considered to facilitate
comprehension. Equations of motion for this model can be expressed
as

mxX, = —c X — kjx; + ity + Koty — fo + far (D

m (@)

aXa = —Caqllqg — kaua +fa
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Fig. 1 Single-degree-of-freedom system with a vibration absorber.

where u, = x, — x;. Adding Egs. (1) and (2) to each side leads to
(my 4+ my)x; + myii, + 1% + kixp = fa 3

whereas Eq. (2) can be transformed into

it o+ 28,0t + Wiug = mg' fu — % “
where ¢, = c,/2(m,k,)"/* and w, = (k,/m,)"/?. For the velocity
feedback control f, = Gx,, the characteristic equation for Egs. (3)
and (4) is

ags* + a;8° + ars® + azs +a, =0 5)
where
a;=(m +my,)2,0,+c, +G
ay = (my + my)w; 4+ 28,0,¢1 + ki,

ag = my,
ay = ¢ w; + 28,0,k
a, = kla)(z,

(6)

Because a; (i = 0—4) are positive, the remaining stability condition is
that the Hurwitz determinants D, = a,a, — aga; and D, =
asD, — aa? are positive. For G — oo, D; > 0 is satisfied because
as can be seen from Eq. (6), the gain G is contained only in a; and
da,/dG > 0.However, D, > 0 does not admit the infinite increase of
the gain G. This instability is due to the absorber resonance at the
frequency w,.

To stabilize the control f, = Gx,, this paper determines the
actuator driving force such that Eq. (4) coincides with the following
target absorber equation:

l:ia+al/.l“:m;1G)'Cl_.5C.1 (7)

where « is a positive damping constant. Equation (7) can be realized
by determining the driving force as

fa = le + mn[(zé‘awa - a)ita + w%“a] (8)

To check the stability, we express the frequency-domain solution of
Egs. (3) and (7) as

X, (s) _ 1 s+a
{Ua(s)} Taps FaystFays+a; | mg'G—s Fu(s) 9

where

ag = my, a; = (m; +mya+c; + G, a, =i+ ky

as :kla
10)

The Hurwitz determinant D; = a,a, — ayas is positive for arbitrary
positive values of G. Furthermore, even when the disturbance force is
expressed as the step-function, that is, F;;(s) o 1/s, the frequency-
domain responses do not have singularity stronger than 1/s for
s — 0 and thus the time-domain responses are bounded, provided
that « is positive.

The foregoing discussion is effective for analytically examining
the physical reason for the instability, but cannot be extended to
multi-degree-of-freedom primary structures because derivation of
the characteristic polynomial and the Hurwitz determinants requires
very lengthy hand calculations. To avoid this difficulty, the force
acting on the primary structure due to the presence of the vibration

absorber is calculated from Eq. (2) as

fa(t)Ecada+kaua_fa:_ma(xl +iia) (11)

Solving the s-domain expression of Eq. (7) for U,(s) and
substituting the resulting solution into the s-domain expression of
Eq. (11) leads to

F o (s) = —(m,a + G)[s/(s + a)]sX, (s) (12)

Therefore, the unstable velocity feedback can be transformed into the
stable velocity control with high-pass filter s/(s + «) incorporated.

Application Examples
Application to Vibration Control
Consider a mass-spring layered structure as shown in Fig. 2. Such
a structure is widely used as a model of a building [8]. The
translational motion in the x direction and the rotational motion
around the z axis are taken into account in deriving the basic
equations and the control law. The equation for the translational
motion of the ith layer is given as an example:

mk; — kg Xy + (ki + kg )X — kixizy = fai + 8l (ko
+ Call:lal _fal) + (k112u112 + Ca21:la2 _fHZ)] (13)

where x, 0, and k; _ ;, are zero and Kronecker’s delta means that
due to the presence of the driven masses, the jth layer undergoes the
force in the bracket.

Because the displacements of the attachment positions of the
driven masses are x; — [,6; and x; + [,0;, the equations of motion of
the driven masses are

ii an + zé‘anwan';{an + w%nuan = m;r}fcm - ('x_] - Snlngj) (14)
where n =1, 2; ¢; = 1, and &, = —1. Defining absorber masses’
general coordinates v = (lyu, + Liug,)/(l; + 1) and ¢ = (u, —
ug1)/(l; + 1) that are, respectively, assigned to the control of the
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Fig. 2 Application example.
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translational and rotational motions of the primary structure,
expressing Eq. (14) in terms of v and ¢, and eliminating ¢ and ¢ from
the resulting equations leads to Egs. (15a) and (15b), respectively:

U+ (I + b)) 280 0a b0 — 1,$) + 2 L —1,9)
+ 20000l (0 + L) + 02l (v + L) = (I,
+ L) (mgl b f g +mp L f) — X (15a)

¢— (I + 1) [28000 (0 = 119) + @2, (v = [1$) = 200, (B
+ L) — (v + L) = (1 + L) (= fur + md fu2) = 6;
(15b)
The target absorber equations here are
U+ ab= (I, + L) "[m; LG, — L,6,) + mPA LG, + L,6))]
- (16a)

$+ap= (1 + L) [=mg| Gl — 16) + mi G, + 1Y)
-6, (16b)
where x; — [ léj and x; + lzéj are the velocities of the attachment
positions of the absorbers. By forcing the residual between Egs. (15a)

and (16a) and that between Eqs. (15b) and (16b) to be zero, the two
driving forces can be determined as

fa=G; — lléj) + mg v+ (28000 — )0 — F L1+ (o
—2§a1wa1)ll¢] (17a)

fa=G@; + lzé,') + mp[wkv 4+ (2800 — )0 + 0X Lo
+ (2604 — @)Ly (17b)

The terms in the brackets can be computed, once v and ¢ are
determined using the detected values of u,; and u,,.

Numerical results are presented in Fig. 3. The parameters of the
primary structure are presented in Table 1 whereas the parameters of
the vibration absorbers are as follows:

)
o o
T
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o
T
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a) Instability for the case where the active stabilization
is not present (G =80 Ns/m, ® / 2 =0.5Hz)

0
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-60 . . . .
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b) Control performance for the case where the active
stabilization is applied (G =2000 Ns/m, o. =0.487 s~1;
, controlled; , uncontrolled)

Fig. 3 Responses of acceleration ’.éi,..ax + 1,60
in Fig. 2 (i,.x = 6).
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Table 1 Parameters of the mass-spring layered structure shown in

Fig. 2
i Translation Rotation
m;, kg k;, N/m I;, kg - m? K;, Nm/rad
1 354.2 159,100 236.3 123,900
2 354.2 93,270 236.3 72,610
3 354.2 50,350 236.3 39,200
4 354.2 50,350 236.3 39,200
5 354.2 24,280 236.3 18,900
6 393.6 24,280 207.4 18,900
mgy = My = 15 kgv ;‘ul = ;aZ =0.1
Wy =w,=314r1ad/d, 1,=15=075m

A modal damping ratio 0.01 is introduced to each mode of the
primary structure and the response of X; + 1,0,  to the excitation
fai,,, = Mai,,, = 10sin wt is shown. When the active stabilization is
not present and only the velocity feedback terms in Eq. (17) are
applied, the system exhibits instability even for a small value of the
control gain G, as is illustrated in Fig. 3a. To avoid this instability, the
active stabilization was applied and the frequency response under a
high control gain was calculated by repeating the time response
analysis to compute the stationary amplitude for each excitation
frequency. The result is shown in Fig. 3b, in which effective control
performance can be confirmed.

Figure 4 shows dependence of the control performance on
variation in the primary structure for the first mode of the
translational motion (Fig. 4a) and the first mode of the rotational
motion (Fig. 4b). The control performance is represented by the real
part of the eigenvalue of the controlled system for each mode,
whereas the variation in the primary structure is represented by the
ratio between the varying and the original eigenfrequencies of the
uncontrolled system. The variation in each mode’s eigenfrequency is
given by varying the mass and the inertia moment of each layer. For
the sake of comparison, results in a past work [8] for the cases where
Hoo and u synthesis control methods were applied are presented. In
these cases, as is pointed out also in the work, the real part of the
eigenvalue for each mode increases and the system becomes unstable
when the variation in the primary structure increases. Thus, it can be
confirmed from Fig. 4 that model independence of the control
performance is improved through the active stabilization method.

o
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a) The first translational mode
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b) The first rotational mode

Fig. 4 Dependence of control performance on variation in the primary
structure (bold line, present active stabilization; dashed line, H co control
[8]; solid line, p synthesis [8]).
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Fig. 5 Frequency responses of X; 4 1,0;  of the structure shown in
Fig. 2 (iyax = 2; illustration of robustness against variation in the
primary structure; bold line, controlled; solid line, uncontrolled).

If we use the control methods whose model independence is not so
strong, we encounter a problem that parameters of the controller must
be frequently altered for marked variations in a primary structure. A
typical example is a building under construction, whose modal
parameters markedly vary with the change in the number of layers.
Relief of controller designers from this problem is the motivation of
this study. As a check, the same control that brought about the result
in Fig. 3b was applied to the cases of i,,,, = 1-5 without any change
in the parameters of the controller and it was confirmed that the
control was still stable and effective. An illustrative result for these
cases is presented in Fig. 5.

The present method is robust against variations in a primary
structure because it transforms the unstable controller into a stable
controller. Then, how about robustness against parameter
identification errors for a vibration absorber system. This robustness
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Fig. 6 Frequency responses of X; +1,0;  of the structure shown in

Fig. 2 (i,,ax = 6; robustness against parameter identification errors for
the vibration absorbers; bold line, controlled; solid line, uncontrolled).

is illustrated in Fig. 6, in which the case of {,, =, =1,
Wy = Wy = W,, and m, = m, = m, is considered and the real
value of the quantity A is represented by (A),.,- The reason for this
robustness can be explained as follows. By replacing the estimated
values in Eq. (15) by the corresponding real values and substituting
Eq. (17) into the resulting equations, we obtain the equations for the
actually implemented controllers as

i} + [a + 2(§awa)real - 2;'(1(0“]1.) + [(wzzz)real - wﬁ]v = mz;l ij - x]
(18a)

()%; + [(X + 2(§awa)rea] - 2§awa]¢ + [(wézz)rea] - wgkb = ma_] Gej
_ 9, (18b)

The coefficient of ¥ and ¢ is the cutoff frequency of the high-pass
filter as is discussed for Eq. (12). Let us set its admissible range as

O'I(wa)rea] <o+ z(é‘awa)real - 2;1(1)(1 < 0'8(wa)1‘eal (19)

Substituting o/w, = 0.5 and {, = 0.1 as the example values used for
Fig. 3b transforms the inequality (19) into

0.05 - 0.150, / (0 reat < ($)rear < 0.4-0.150,/ (W) e  (20)

Most real vibration absorbers satisfy this condition if w, is selected
such that 0.9 < w,/(®w,)ea < 1. Therefore, the control performance
is not seriously affected by a damping ratio identification error.
Furthermore, it can be seen from the coefficient of v and ¢ in Eq. (18)
that overestimation of the eigenfrequency of the vibration absorber is
prohibited but underestimation of it within 10% does not cause a
serious problem. Thus, robustness can be estimated and achieved
effectively by using vibration absorber equations without using
governing equations for primary structures.

Application to Vibration Isolation

This active stabilization method serves as a solution method to the
vibration isolation problem when skyhook damping requiring that a
damper be connected to an inertial reference frame is not practical as
in most situations. A beam-model subjected to a base excitation x;, as
shown in Fig. 7 is considered as an example and frequency responses
of the acceleration X, are shown in Fig. 8. In this example, the beam
has a density of 7, 850 kg/m?, length of 1.5 m, thickness of 0.002 m,
width of 0.05 m, and Young’s modulus of 2 x 10" N/m?; the
parameters of the vibration absorber are m, = 0.03 kg, {, = 0.1, and
w, = 7.54 rad/s; the damping and spring constants of the support
are ¢, =0.005 Ns/m and k, =16 N/m; the base excitation
amplitude is 0.001 m. A modal damping ratio of 0.01 is introduced to
each vibration mode of the beam. Figure 8a illustrates the well-
known problem that the response of X%, is increased for high
frequencies when the damping constant ¢, is increased. As shown in
Fig. 8b, this problem can be solved by attaching the hybrid vibration
absorber and applying the active stabilization method.

Figure 9 shows the magnitude of the driving force required for
achieving the vibration isolation performance shown in Fig. 8b. The
result for the full active case with w, = 0 is presented for the sake of
comparison. It can be seen from Fig. 9 that by using the active
stabilization method, the large magnitude reduction of the driving
force is achieved near the first resonant frequency of the primary
structure. The magnitude of the driving force increases when the
excitation frequency w tends to zero; however, this tendency can be

m, e
NHED
A Beam - A%

2| Cp ky Xo

Fig. 7 Vibration isolation problem for a beam.
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a) Uncontrolled case where the vibration absorber
is not present ( , ¢p = 0.005 Ns/m;
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b) Vibration isolation performance achieved by the
active stabilization (c, =0.005 Ns/m; —, controlled
with G =1 Ns/m and o =1.6nt s~1 ;____, uncontrolled)

Fig. 8 Frequency responses of ¥; of the beam shown in Fig. 7
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Fig. 9 Frequency responses of the driving force f,(bold line, active
stabilization of hybrid absorber; solid line, full active case).

controlled by selecting the damping constant of the target absorber
equation as a not-so-small value to assure the stability as is explained
for Eq. (9). Therefore, the magnitude of the driving force for v — 0
is well smaller than the maximal magnitude for the full active case at
the first resonant frequency of the primary structure. Thus, the
present active stabilization method is effective for saving power
consumption, which is proportional to the square of the magnitude of
the driving force, except for the case in which dominant frequencies
of excitation are confined within a frequency range well below the
first resonant frequency. The reason for this power saving can be
explained as follows: Eliminating U,(s) from the s-domain
expressions of Eqgs. (7) and (8) leads to the following relation
between the driving force and the primary structure’s response in the
s domain:

Fa(s) = {G(l/.&)(?z + 2§awas + C()Z) - ma[(2é’awa - a)s
+ a1/ (s + )]s*X, (s) 2n

The braced quantity is dominated by its leading term under the high-
gain control. This term includes the factor exactly the same as the
characteristic polynomial of the hybrid vibration absorber, whose
magnitude is small near the eigenfrequency of the hybrid vibration
absorber.

Control
speaker ca ka
Mma
Excitation U, L/J.—\ jfa
speaker \".b" A
N 1 1
T u [ Sensin I Performance |
i1Sekb» s 1 & | microphone |
(N \ / microphone | |
A AN nnn| : !
- t 1
Duct | ; :
X x=Ls x=Lp | x=L
|Amplifier | | Amplifier | |Amplifier
A
Multi-
frequency
sinusoidal
wave
A 4

FFT analyzer

Fig. 10 Experimental setup of active noise control for duct.

Application to Active Noise Control

The present active stabilization method can be extended to the
active noise control problem by considering a control speaker
(actuator) a hybrid vibration absorber coupled with a sound field to
be controlled, as is outlined in the Appendix. An experimental study
is conducted by using a system shown in Fig. 10. The parameters of
the system are as follows:

S = 0.044%> m?
G =0.004 Ns/m
w,/27w =140 Hz

L=1m7 Lx=0'5m’
S,/S=S,/S =0.365;
m, = 0.00176 kg,

L,=0.8m;
a=40s"",
¢, =0.1,

The driven mass m,, of the control speaker was measured directly and
the damping ratio ¢, and the eigenfrequency w, were estimated by
measuring the frequency response of the acceleration of the driven
mass to an excitation force. The digital sampling frequency was set to
be 50,000 Hz.

Figure 11 shows a measured transfer function from the
acceleration of the excitation speaker to the sound pressure at the
performance microphone. The excitation signal is a multifrequency
sinusoidal function produced by a FFT analyzer. For the sake of
comparison, the measured transfer function for the uncontrolled case
where the control speaker is removed and the resulting hole is
covered by a rigid wall is shown using a dotted line. The
effectiveness of the active stabilization method in suppressing

30
20 r
10
ot

Gain (dB)

-10

-20 . . . .

0 100 200 300 400 500
Frequency (Hz)

Fig. 11 Experimental results (solid line, controlled; dashed! line,
uncontrolled).
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acoustic modes can be confirmed. Furthermore, a sharp valley is
observed at the eigenfrequency of the control speaker. This valley
indicates that the control speaker works as a hybrid vibration
absorber coupled with the sound field.

It is known that if a sensing microphone is located near a control
speaker, the direct field of the control speaker may dominate the
sound field to be detected and destabilize the control system. This
phenomenon can be controlled to some extent in the present active
stabilization method, because the magnitude of the controller transfer
function is small near the eigenfrequency of the control speaker, as
can be seen from Eq. (A8). Furthermore, it was found through the
experiment that this phenomenon can be controlled by inserting
sound-absorbing material between the sensing microphone and the
duct wall opposite to the control speaker, only within a short
longitudinal interval near the sensing microphone. The reason for
this can be considered as follows: When the sound-absorbing
material is not present, the direct field is subjected to the boundary
condition that requires the sound pressure be maximal at the rigid
wall. This boundary condition can be relaxed by the sound-absorbing
material. When the sound-absorbing material is not present, the
achieved reduction of the sound pressure level for the first—third
modes in Fig. 11 isreduced to 8, 5, and 4 dB, respectively. However,
even in this case, the effect of this active control can be appreciated
especially for lower frequencies, where the importance of active
control technologies is accentuated due to poor control performance
of passive methods.

Conclusions

A method of actively stabilizing a hybrid vibration absorber driven
by a force proportional to the velocity detected at the attachment
position of the absorber has been studied as a means to improve
model independence of robust performance while allowing for
multimode controllability for the case in which a hybrid vibration
absorber is desired as an actuator. Robustness also against parameter
identification errors in a vibration absorber system was discussed and
illustrated by an application example. It was illustrated that the
present active stabilization method is effective for saving power
consumption, except for the case in which low dominant frequencies
of excitation are confined within a frequency range well below the
first resonant frequency of a primary structure. This active
stabilization method serves as a means to solve the vibration isolation
problem, when skyhook damping, which requires that a damper be
connected to an inertial reference frame, is not practical as in most
situations. This method can be applied to the active noise control
problem, because a control speaker can be modeled as a hybrid
vibration absorber coupled to a sound field to be controlled and its
relatively high eigenfrequency lies in the bandwidth where control is
desired. Regarding the active noise control problem, an experimental
result was presented.

Appendix: Extension to Active Noise Control Problem
The wave equation for the system shown in Fig. 10 is
Pp/or = 0% p/ox* = (pgc?/S)[S, i 8(x) — S4ii 8(x — Ly)]
(A1)
The right-hand side of Eq. (A1) represents the time derivative of the
volume source per unit volume. By expressing the sound pressure in
terms of the modal function as p(x,7) =Y ™ g,(1)X,(x), where
X, (x) = cos[(2n — 1)7x/2L], and introducing the modal damping
ratio ¢,, Eq. (Al) can be transformed into the modal equation:
ZI.n + zé‘nwnq.n + wﬁ% = (zpocz/L)[(Se/S)ueXn (0)
- (Sa/S)iiaXn(LS)] (AZ)
The equation of motion of the actuator subject to the driving force

Ja(®) is
m(l(ﬁ(l + 2;11(1)(4".’:1 + wgua) = Sap(Ls’ t) + fa(t) (A3)

When the driving force is determined as f,(¢f) = S,Gdp(L,, t)/dt
(G > 0), the characteristic equation for Eq. (A2) with n =1 and
Eq. (A3) can be derived as

ags* + a18° + ars® + azs +a, =0 (A4)
where

ag =1
a, = Zé‘nwa + 2é‘l('ul + (2p0C2/Lma)(S§/S)X12(LV)G
a) = a)(zl + 4;10)1(“6()0 + w% + (zpocz/Lma)(Sg/S)X%(Lv)
az = 2;10)160121 + zgawaw%’ as = w%wczl

(A5)
The stability conditions expressed in terms of the Hurwitz
determinants are D, =a\a, —agaz; >0 and
D, = a3D, — a,a? > 0. Because a, increases linearly with G, the

second stability condition does not admit the infinite increase of the
gain G. To solve this problem, the driving force is determined as

fa = ma[(zé‘awa - a)"'ta + wgua] + Sade(Lw t)/dt (A6)
such that Eq. (A3) coincides with the following target equation:
m, (i, +au,) = S,p(Ly, 1) + S,Gdp(L,, 1)/dt (AT)

To make this control law (A6) implementable only through the
sensing of the sound pressure, we eliminate U, (s) from the Laplace
transforms of Egs. (A6) and (A7), thereby determining the controller
transfer function:

Fu(s) _ S,
P(L,,s) s+o

2a a s+ czt
+(§a) a)s w]

H(s) = [G(s2 + 28,0,5 + @7)

(A8)
N
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